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ABSTRACT. Let F be a CM field and Π a regular algebraic cuspidal automorphic representation of G =
PGL2 /F . A conjecture of Venkatesh describes the structure of the contribution of Π to the homology of the
locally symmetric spaces associated to G. We investigate this conjecture in the setting of p-adic homology with
p a totally split prime, using completed homology, the Taylor–Wiles method and the p-adic local Langlands
correspondence. Our main result is a ‘big R = T ’ theorem in characteristic 0, from which we deduce a
conditional proof of the p-adic realisation of Venkatesh’s conjecture.
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1. INTRODUCTION

Let G = PGL2 /F where F is a CM field of degree 2l0, fix a prime p and suppose Π is a regular
algebraic cuspidal automorphic representation of G(AF ). Then Π contributes to the p-adic homology of
the locally symmetric spaces of G in the following sense. If U ⊂ G(A∞

F ) is an open compact subgroup,
there is an associated locally symmetric space XU which is a smooth manifold of dimension 3l0 equipped
with a p-adic local system σ determined by the weight λ of Π. The homology group H∗(XU , σ) is a finite-
dimensional Qp-vector space equipped with an action of Hecke operators, and we define its ‘Π-part’ as the
eigenspace

H∗(XU , σ)Π ⊂ H∗(XU , σ)
1
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of homology classes with the same system of Hecke eigenvalues as Π. Let us assume for the purpose of
this introduction that all eigenvalues of Π are rational and that Π is unramified at all places above p. Using
(g,K)-cohomology, one can prove that, if m = dim(Π∞)U , then the following dimension formula holds:

(⋆) dimQp
Hl0+i(XU , σ)Π =

{
m ·

(
l0
i

)
if i = 0, . . . , l0

0 otherwise.

To give an arithmetic explanation of this ‘spreading out’ in multiple degrees of Hecke eigenspaces, Venkatesh
has made the following conjecture.

Conjecture. (Venkatesh) With notation as above, there exists a Qp-vector space VΠ of dimension l0 and a
natural action

∗∧
VΠ ⟳ H∗(XU , σ)Π

such that H∗(XU , σ)Π is a free graded module of rank m.

In fact, Venkatesh’s conjecture concerns homology with Q-coefficients and involves a motive conjec-
turally attached to Π, whereas this article concerns the p-adic realisation of the motivic conjecture, where
the role of the motive is played by a Galois representation whose existence is known.

Let S denote the set of places of F where Π ramifies and ΓF,S the Galois group of the maximal extension
of F unramified outside of S. Using the construction in [HLTT16] or [Sch15], one can associate to Π a
Galois representation ρ = ρΠ,ι : ΓF,S → GL2(Qp) to Π and its dual adjoint Bloch–Kato Selmer group
(see Section 2.4 for a definition)

VΠ := H1
f (ΓF,S , ad

0 ρ(1)).

The Bloch–Kato conjecture predicts that

dimVΠ = ords=1 L(s, ad
0 Π),

and the right-hand side is known to be l0 = 1
2 [F : Q], which is consistent with Venkatesh’s conjecture and

the dimension formula (⋆).
In this article, we define an action as in the conjecture, under various assumptions on ρ, as well as

that p ≥ 5 and p is totally split in F . Before stating our main result, let us describe in broad terms the
strategy of proof, which is deformation-theoretic. The basic idea is to place the Π-part in a p-adic family
by relating it to completed homology and Galois representations. The former is a p-adic representation H̃
of G =

∏
v|p G(Fv) equipped with an action of a ‘big’ Hecke algebra T , and there is a spectral sequence

connecting H̃ to the Π-part.
The construction of ρ furnishes a surjective map R → T where R is the unrestricted deformation ring

of ρ; in this way, we think of the Π-part as a coherent sheaf on the deformation space of ρ. Its support
is the space of deformations of ρ preserving p-adic Hodge theoretic properties of the restrictions ρ|ΓFv

for v | p. Tautologically, one can describe this space as an intersection taking pace within the unrestricted
deformation space of the tuple (ρ|ΓFv

)v|p, namely between the unrestricted deformation space of the global
representation ρ with the space of deformations determined by the aforementioned conditions. In this way,
one can view the Π-part as a module over the Tor-algebra representing the derived intersection, which one
would like to identify with the exterior algebra ∧∗VΠ. In particular, the support of the Π-part should be a
point (equivalently, dimVΠ = l0), which is predicted to hold by the Bloch–Kato conjecture and known in
many cases due to work of A’Campo [A’C24].

For the purpose of giving a rough statement of our main result, let Rloc be the deformation ring of
(ρ|ΓFv

)v|p andRloc ↠ Rλ
loc the quotient representing geometric deformations of fixed Hodge–Tate weights

equal to those of ρ. Finally, let Rgl denote the representing ring of deformations of ρ, which turns out to
be a quotient of Rloc as well. The space of global deformations satisfying the local conditions determined
by λ is represented by the tensor product Rgl ⊗Rloc

Rλ
loc. We now present a simplified version of our main

result.

Theorem. (Theorem 5.2.1) Suppose p ≥ 5 is totally split in F and that ρ has no global deformations
satisfying the local conditions induced by λ. Then, under various additional assumptions on ρ, the graded
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E-vector space H∗(XU , σ)Π has a canonical structure of free module of rank mΠ over the Tor-algebra

TorRloc
∗

(
Rgl, R

λ
loc

)
.

If, in addition, Rgl is formally smooth, there is a canonical isomorphism of graded rings

TorRloc
∗

(
Rgl, R

λ
loc

) ∼=∧∗
H1

f

(
ΓF,S , ad

0 ρ(1)
)
.

The proof of Theorem 1 relies on the Taylor–Wiles method and its adaptation to completed homology
by Gee–Newton [GN22]. We prove a ‘big R = T ’ theorem in characteristic 0, identifying the spectrum of
T with the unrestricted deformation space of ρ. The proof relies crucially on the condition that p is totally
split in F and a type of local-global compatibility conjecture at places v | p (Conjecture 5.1.4). Under these
assumptions, we are able to leverage the p-adic local Langlands correspondence for GL2(Qp) as described
in [Paš13]. Paškūnas’ theory provides an equivalence between a suitable category of G-representations in
which we find H̃ and a certain category of modules over Rloc. Under this equivalence, the image of H̃ is a
finitely generatedRloc-module, which allows carrying out the depth estimates involved in the Taylor–Wiles
using this object instead; we learned of this strategy in [Pan22].

Proving the final part of the theorem amounts to leveraging the formal smoothness assumption to com-
pute the Tor-groups of the intersection Rgl ⊗Rloc

Rλ
loc. This can be done by studying a natural short exact

sequence of Galois cohomology groups obtained from the Poitou–Tate sequence.
A similar conditional result for GLn /Q, n ≥ 2 has been proved using the theory of eigenvarieties and

overconvergent cohomology by Hansen–Thorne [HT17], and our application of the Poitou–Tate sequence
is based on an analogous argument therein. There is also the original result of Galatius–Venkatesh [GV18]
which is restricted to the Fontaine–Laffaille setting and conditional on the Calegari–Emerton vanishing
conjecture for mod p cohomology. Our methods, while restricted to n = 2 and p totally split, place no
restriction on the slope of Π since we do not use overconvergent cohomology, and are valid beyond the
Fontaine–Laffaille range and without assumptions on the mod p cohomology.

Let us briefly outline the content of this article. In Section 2, we describe our general setup, discussing
the homology of locally symmetric spaces, Hecke operators, Galois cohomology and Bloch–Kato Selmer
groups, and collect some lemmas from commutative and homological algebra for easy reference later. In
Section 3 is devoted to Galois deformation theory and compiles results from the literature on Galois defor-
mation rings which are used in the proof of the main theorem. In Section 4, we turn to the representation-
theoretic part of the story and discuss completed homology and the associated Galois representations.
Finally, Section 5 consists of the proof of our main result.

Acknowledgements. I wish to thank Christian Johansson for suggesting this problem, sharing his knowl-
edge and providing guidance throughout the whole project. I also thank Martin Raum for helpful feedback
on a previous version of this text.

2. SETUP AND PRELIMINARIES

Let p ≥ 5 be a prime and F a CM field of degree [F : Q] = 2l0 in which p is totally split. We denote by
A∞

F the ring of finite adèles of F . Let E/Qp be a finite extension with ring of integers O, uniformiser ϖ
and residue field k = O/ϖ. At times, we tacitly assume E ⊂ Qp is ‘large enough’, e.g. to contain Hecke
eigenvalues or the embeddings of F . Unless otherwise stated, completed tensor products are taken overO.
When R is an O-algebra and p ⊂ R is an ideal not containing ϖ, we use the same symbol to denote the
ideal p and the ideal it generates inside R[1/ϖ].

2.1. Arithmetic locally symmetric spaces. We begin by recalling the construction of the locally sym-
metric spaces associated to G = PGL2 /F . A complete reference is [KT17, §6.1-2]. We introduce the
following notation:

• G = PGL2 /F ,
• G∞ = G(F ⊗Q R),
• K∞ ⊂ G∞ a maximal compact connected subgroup,
• D∞ = G∞/K∞, the symmetric space of G(F ⊗Q R),
• l0 = rankG∞ − rankK∞ = [F : Q]/2,
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• q0 = 1
2 (dimD∞ − l0) = l0.

The integer l0 is called the defect of G. For groups other than PGL2 /F , one typically has q0 ̸= l0, and for
this reason we have opted to maintain the distinction.

Definition 2.1.1. Let U ⊂ G(A∞
F ) be an open compact subgroup. The locally symmetric space of level U

is the double quotient
XU = G(F )\(D∞ ×G(A∞

F )/U),

where the action of G(F ) is the diagonal action.

The space XU decomposes as a finite disjoint union of spaces of the form Γi\D∞ where Γi = G(F )∩
giUg

−1
i for some g ∈ G(A∞

F ).

Definition 2.1.2. An open compact subgroup U ⊂ G(A∞
F ) is good if it is of the form

∏
v Uv such that:

(i) For every v, Uv ⊆ PGL2(OFv
).

(ii) For every g ∈ G(A∞
F ) and every h ∈ gUg−1∩G(F ), the eigenvalues of h generate a torsion-free

subgroup of F (i.e. the subgroup gUg−1 is ‘neat’).

Proposition 2.1.3. [KT17, Lem. 6.1] Let U ⊂ G(A∞
F ) be a good subgroup. Then XU is a smooth mani-

fold of dimension 3l0 and homotopy equivalent to the geometric realisation of a finite simplicial complex.
Moreover, if U ′ ⊂ U is a normal compact open subgroup, then U ′ is also good andXU ′ → XU is a Galois
cover of smooth manifolds with Galois group U/U ′.

2.2. Homology of arithmetic locally symmetric spaces. Throughout this section, U = UpU
p ⊂ G(A∞

F )
is a good subgroup. Here, Up =

∏
v|p Uv and Up =

∏
v∤p Uv . We fix also a discrete left Z[Up]-module M ,

viewed as a Z[U ]-module by letting U act via the projection U → Up.

Definition 2.2.1. The local system associated to M is the sheaf LM of continuous sections of the map

G(F )\(D∞ ×G(A∞
F )/U)×M/U → G(F )\(D∞ ×G(A∞

F )/U),

We denote by H∗(XU ,LM ) the homology of XU with local coefficients LM .

There are two complexes commonly used to compute H∗(XU ,LM ).

Definition 2.2.2. The adèlic complex of XU with coefficients in M is the chain complex

Cad
• (U,M) = Sing•

(
G∞/K∞ ×G(A∞

F )
)
⊗Z[G(F )×U ] M,

where Sing•
(
G∞/K∞ ×G(A∞

F )
)

denotes the complex of singular chains with Z-coefficients, viewed as
a complex of right Z[G(F )× U ]-modules.

To define the Borel–Serre complex, consider the Borel–Serre bordification D∞ ⊂ DBS
∞ (see [BS73,

§7.1, Prop. 7.6]) and the principal Up-bundle

G(F )\(DBS
∞ ×G(A∞

F )/1pU
p) ↠ G(F )\(DBS

∞ ×G(A∞
F )/UpU

p) = XBS
UpUp ,

where G(A∞
F ) is equipped with the discrete topology. Fix a finite triangulation of XBS

UpUp , and consider
its associated complex of simplicial chains with Z-coefficients. Pulling back the triangulation via the map
above we obtain – possibly after a finite refinement – aKp-equivariant triangulation on the ‘infinite p-level’
space G(F )\(DBS

∞ × G(A∞
F )/1pU

p). The associated complex of simplicial chains is then a bounded
complex of finitely generated and free Z[Up]-modules which we denote by CBS

• (U,Z[Up]).

Definition 2.2.3. The Borel–Serre complex of XU with M -coefficients is the complex

CBS
• (U,Z[Up])⊗Z[Up] M.

Proposition 2.2.4. The complexes Cad
• (U,M) and CBS

• (U,M) are chain homotopic as Z[Up]-complexes,
and

H∗(C
ad
• (U,M)) ∼= H∗(C

BS
• (U,M)) ∼= H∗(XU ,LM ).
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We fix once and for all a chain homotopy equivalence Cad
• (U,M)

∼→ CBS
• (U,M), and define

H∗(XU ,M) := H∗(XU ,LM ).

Aside from the trivial Z[Up]-modules O/ϖs, the modules whose associated local systems we will use
consider are indexed by v-adic Hodge types.

Definition 2.2.5. Let v ∈ Sp. A v-adic Hodge type is a triple (λv, τv, χv) where

• λv = (av, bv) ∈ Z2 such that b > a.
• τv : IFv

→ GL2(E) is a representation of the inertia group with open kernel.
• χv : ΓFv

→ O× is a continuous character such that χv|IFv
= εdet τ .

Theorem 2.2.6. ([BM02, A.1.5.]) Let τv : IFv → GL2(E) be a representation with open kernel and
Kv = G(OFv

). There exists a unique (up to isomorphism) smooth irreducible Kv-representation σ(τv)
on an E-vector space characterised by the property

HomKv (Πv, σ(τv)) ̸= 0 ⇐⇒ LL(Πv)|IFv
∼= τv,

when Πv ranges over all smooth absolutely irreducible infinite-dimensional G(Fv)-representations over
E and LL(Πv) is the Weil–Deligne representation associated to Πv by the classical local Langlands cor-
respondence, normalised as in [BM02].

To any λv = (av, bv) with b > a and a + b = 1 (to get a representation of PGL), we define σ(λv) :=
(Symbv−av−1E2)⊗ (det)av .

Definition 2.2.7. Let (λv, τv, χv) be a v-adic Hodge type. With notation as above, the Kv-representation
associated to (λv, τv, χv) is the representation

σ(λv, τv) := σ(τv)⊗ σ(λv).

Since Kv is compact, there is a Kv-stable O-lattice

σ◦(λv, τv) ⊂ σ(λv, τv).
Given a tuple (λ, τ, χ) = (λv, τv, χv)v∈Sp

of v-adic Hodge types, we define a K-representation σ(λ, τ)
with O-lattice σ◦(λ, τ) by forming the tensor product over v ∈ Sp:

σ◦(λ, τ) :=
⊗
v|p

σ◦(λv, τv) ⊂ σ(λ, τ) :=
⊗
v|p

σ(λv, τv).

2.3. Hecke operators. Let S be a finite set of finite places of F containing the set Sp of places above p,
and suppose K ⊂ G(A∞

F ) is a good open compact subgroup which is hyperspecial outside S. We write
KS =

∏
v/∈S Kv . The abstract (spherical) Hecke algebra is the convolution algebra

TS := H(G(AS
F ),K

S)

of KS-biinvariant functions G(AS
F ) → O. Given an automorphic representation Π unramified outside S

and an isomorphism ι : Qp
∼= C, we have a map

TS → EndC

(⊗′

v/∈S
ΠKv

v

)
with kernel a maximal ideal which we denote NΠ,ι. The homology groups of XU are also equipped with
an action of Hecke operators, meaning there is a map

TS → EndO
(
H∗(XU ,M)

)
.

We define the Π-part of H∗(XU ,M) as the localisation

H∗(XU ,M)Π := H∗(XU ,M)NΠ,ι .

The dimensions of the graded pieces are given by the following formula.

Theorem 2.3.1. [ACC+23, Thm. 2.4.10] Let Π be a cuspidal representation of PGL2(A∞
F ) of weight

λ = (a, b) (where b > a and a+ b = 1), and set mΠ = dimC(Π
∞)U

p

. Then

dimLHi(XKUp , σ(λ))p =

{
mΠ ·

(
l0
i

)
if i ∈ [q0, q0 + l0],

0 otherwise.
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2.4. Galois cohomology. In this section, we prove a couple of results about Galois cohomology which
will be of use later. For a complete reference, see [Mil86], and for an introduction see [Bel09].

Let S be a finite set of places of F containing Sp and suppose ρ : ΓF,S → GL2(E) is a continuous
representation which is de Rham at all places above p. Let v ∈ S. If v | p, then

H1
f (ΓFv

, ad0 ρ) := ker
(
H1(ΓFv

, ad0 ρ)→ H1(ΓFv
, ad0 ρ⊗Qp

Bcris)
)
,

where the map on the right is the natural one induced by the tensor product and Bcris is Fontaine’s crys-
talline period ring. If v ∤ p, let IFv

⊂ ΓFv
denote the inertia subgroup and set

H1
f (ΓFv

, ad0 ρ) := ker
(
H1(ΓFv

, ad0 ρ)→ H1(IFv
, ad0 ρ)

)
.

where the map on the right is the one induced by the inclusion IFv
⊂ ΓFv

. The geometric Bloch–Kato
Selmer group is the space of global classes with restrictions in the groups defined above, i.e.

H1
f (ΓF,S , ad

0 ρ) := ker

(
H1(ΓF,S , ad

0 ρ)→
∏
v∈S

H1(ΓFv
, ad0 ρ)

H1
f (ΓFv

, ad0 ρ)

)
.

We use lowercase h to denote dimensions of Galois cohomology groups and Selmer groups, e.g.

h1f (ΓF,S , V ) = dimE H
1
f (ΓF,S , V ).

Proposition 2.4.1. If v ∈ S \ Sp and the Weil–Deligne representation WD(ρv) is generic, then

h0(ΓFv , ad
0 ρ) = h1(ΓFv , ad

0 ρ).

Proof. The formula for the local Euler–Poincaré characteristic reads h2(ΓFv
, ad0 ρ) = h1(ΓFv

, ad0 ρ) −
h0(ΓFv , ad

0 ρ). By [All16, Lem. 1.1.5], the h2-term vanishes assuming genericity of WD(ρv). □

Proposition 2.4.2. Let F be a CM field of degree 2l0 in which p splits, S a finite set of places of F and
ρ : ΓF,S → GL2(E) an irreducible representation. Suppose that ρ is de Rham with distinct Hodge–Tate
weights at all v ∈ Sp, and moreover that WD(ρv) is generic for all v ∈ S. Then

h1f (ΓF,S , ad
0 ρ) = h1f (ΓF,S , ad

0 ρ(1))− l0.

Proof. By the Greenberg–Wiles formula, and the irreducibility of ρ, we have

h1f (ΓF,S , ad
0 ρ)− h1f (ΓF,S , ad

0 ρ(1)) =∑
v∈S

(
h1f (ΓFv

, ad0 ρ)− h0(ΓFv
, ad0 ρ)

)
−
∑
v|∞

h0(ΓFv
, ad0 ρ).

By Proposition 2.4.1, the terms coming from v ∈ S \Sp vanish. Since F is totally complex, the expression
simplifies to ∑

v|p

(
h1f (ΓFv , ad

0 ρ)− h0(ΓFv , ad
0 ρ)
)
−
∑
v|∞

dimad0 ρ.

Now, p is totally split in F and the sum over v | p counts the total multiplicities of the negative Hodge–Tate
weights of the ad0 ρ|ΓFv

(see [BK90, Cor. 3.8.4]). Since the Hodge–Tate weights of ρv are assumed to be
distinct, the total expression therefore equals −[F : Q]/2 = −l0. □

Theorem 2.4.3. Let F be a CM field, S a finite set of places of F and ρ : ΓF,S → GL2(E) a representation
which is de Rham at all places above p. Then there is an exact sequence

0→ H1
f

(
ΓF,S , ad

0 ρ
)
→ H1

(
ΓF,S , ad

0 ρ
)
→
∏
v∈S

H1
(
ΓFv

, ad0 ρ
)

H1
f

(
ΓFv

, ad0 ρ
)

→ H1
f

(
ΓF,S , ad

0 ρ(1)
)∨ → H2(ΓF,S , ad

0 ρ).

Moreover, if the Weil–Deligne representation WD(ρv) associated to ρv is generic for every v ∈ S \Sp, the
corresponding factors in the third term vanish.
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Proof. In [Was00], the analogous exact sequence with finite coefficients is derived from the Poitou–Tate
sequence. We argue in the same way using the Poitou–Tate sequence for cohomology in characteristic
0, which is readily obtained from [Was00, Prop. 10] by identifying, for any E-vector space V with a
continuous action of ΓF,S ,

H1(ΓF,S , V ) ∼=
(
lim←−
s

H1(ΓF,S , V
◦/ϖs)

)
⊗O E,

where V ◦ ⊂ V is an arbitrary choice of ΓF,S-stable O-lattice (recall that inverse limits are exact on
compact modules). To prove the second part, let V = ad0 ρ and note (Proposition 2.4.2) that the genericity
assumption at v ∈ S \ Sp implies

h0(ΓFv
, V ) = h1(ΓFv

, V ).

Thus, it suffices to prove that the left-hand side equals h1ur(ΓFv , V ). We follow [Bel09, Prop. 2.3(a)]. The
inflation-restriction sequence yields an isomorphism

H1(ΓFv/IFv , V
IFv ) ∼= H1

f (ΓFv , V ).

Since ΓFv
/IFv

∼= Ẑ has cohomological dimension 1 ([GS17, Prop. 6.1.9]), the Euler–Poincaré character-
istic formula implies

h1(ΓFv
/IFv

, V IFv ) = h0(ΓFv
/IFv

, V IFv ) = h0(ΓFv
, V ).

Hence h1f (ΓFv , V ) = h0(ΓFv , V ), as claimed. □

2.5. Some commutative and homological algebra. In this section we collect a few basic results from
commutative and homological algebra for easy reference in later sections. The reader is advised to skip
this section and refer back as needed. Throughout this section, we let (A,m) be a Noetherian local ring,
I ⊂ A a proper ideal and M a finitely generated A-module. We begin by recall some basic basic facts
concerning the depth of M , following [Eis95, §18].

An M -regular I-sequence is a sequence a = a1, . . . , ar ∈ I such that for i = 1, . . . , r, multiplication
by ai is injective on M/(a1, . . . , ai−1). The I-depth dpI(M) of M equals the supremum of the lengths of
M -regular I-sequences, or equivalently (see [Eis95, Prop. 18.4])

dpI(M) = min{i ∈ N | ExtiA(A/I,M) ̸= 0}.

We refer to A-regular m-sequences simply as regular sequences. When I = m, we write dpA(M) :=
dpm(M). Clearly, dpI M ≤ dpAM.

Definition 2.5.1. Let a = a1, . . . , ar be a sequence of elements of m. The Koszul complex of a is the
complex K•(a) of A-modules which is non-zero only in degrees [0, r] where it is given by

Kn(a) =
⊕

1≤j1<···<jn≤r

Aej1,...,jn

d(ej1,...,jn) =

r∑
i=1

(−1)i+1aiej1,...,ji−1,ji+1,...,jn .

The Koszul complex is exact precisely when the sequence a is regular on A, in which case K•(a) is a
free resolution of A/(a). More generally, one has the following homological characterisation of regular
sequences.

Proposition 2.5.2. Let a be an arbitrary sequence in A. Then a is M -regular if and only if

Hi(K•(a)⊗A M) = 0 for all i ≥ 1.

Note that if a is A-regular, then H∗(K•(a)⊗A M) ∼= Tor∗(A/(a),M). Restated slightly, we have:

Corollary 2.5.3. Suppose I ⊂ A can be generated by an A-regular sequence. Then I can be generated by
an M -regular sequence if and only if

M ⊗L
A A/I ≃ (M/IM)[0],
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Lemma 2.5.4. Let M,N be finitely generated modules over A. Suppose I ⊂ AnnN is an ideal generated
by an A-regular and M -regular sequence. Then we have a natural isomorphism of complexes

M ⊗L
A N

∼=M/IM ⊗L
A/I N

Proof. By Proposition 2.5.2, M ⊗L
A N

∼=M ⊗L
A A/I ⊗L

A/I N
∼=M/IM ⊗L

A/I N . □

Lemma 2.5.5. Suppose I ⊂ A can be generated by a regular sequence. Then

dpI M + dp∗I M = dpI A,

where dp∗I M = max{i | TorAi (A/I,M) ̸= 0}.

Proof. Let r = dpI A and a = a1, . . . , ar a regular sequence generating I . By [Eis95, Prop. 17.15], there
is an equivalence of chain complexes

K•(a)⊗A M ∼= HomA(Kr−•(a),M)

and hence for any i an isomorphism TorAi (A/I,M) ∼= Extr−i
A (A/I,M). The statement follows. □

Lemma 2.5.6. Let Â and M̂ denote the m-adic completions of A and M . Then dpAM = dpÂ M̂.

Proof. Since A is Noetherian, Â is a faithfully flat A-module and the maximal ideal of Â is mÂ [Liu02,
Thm. 1.3.16]. By flat base change [Wei94, Prop. 3.3.10], we have an isomorphism of A-modules

Exti
Â
(Â/mÂ, M̂) ∼= ExtiA(A/m,M)⊗A Â.

Since Â is faithfully flat, the right hand side vanishes if and only if ExtiA(A/m,M) does. □

The depth of M relates to the dimension of its support via the inequalities

dpAM ≤ dimAM ≤ dimA.

If the first (resp. both) inequality is an equality, M is called Cohen–Macaulay (resp. maximal Cohen–
Macaulay).

Lemma 2.5.7. ([Sta23, Tag 00NT]) Suppose A is regular and that M is maximal Cohen–Macaulay over
A. Then M is free.

Lemma 2.5.8. Let A be a complete local Noetherian O-algebra and M a finitely generated maximal
Cohen–Macaulay A-module. Suppose p ⊂ SpecA[1/ϖ] is a regular closed point. Then M̂p is free over
Âp.

Proof. We prove that M̂p is maximal Cohen–Macaulay over Âp and use Lemma 2.5.7. By Lemma 2.5.6
and the fact that dimAp = dim Âp, we have

dpAp
Mp = dpÂp

M̂p ≤ dim Âp = dimAp,

and so it suffices to prove dimAp ≤ dpAp
Mp. Now, A is a quotient of a ring of formal power series over

O by the Cohen structure theorem and thus A/p is a finite extension of O. In particular, dimA/p = 1 and

dimAp ≤ dimA− 1 = dpAM − 1,

where we in the equality have used the maximal Cohen–Macaulay property of M . Moving on, since
m = p+ (ϖ), an application of [Eis95, Lem. 18.3] gives the inequality

dpAM − 1 = dpp+(ϖ)M − 1 ≤ dppM.

We have dppM ≤ dpAp
Mp since the Ap-depth can be calculated in terms of the group

Ext∗Ap
(Ap/p,Mp) ∼= Ext∗A(A/p,M)⊗A Ap.

Thus we have established dimAp ≤ dpAp
Mp, and the theorem follows. □
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3. GALOIS DEFORMATION THEORY

In this section, we discuss the deformation theory of Galois representations, giving definitions and citing
results from the literature that we shall need in the sequel. following [KT17, §4].

Let Artk be the category of discrete Artinian local O-algebras with residue field k, and CNLk the
category of complete Noetherian local O-algebras with residue field k, with morphisms the continuous
O-algebra homomorphisms. The latter is equivalent to a full subcategory of the category Pro(Artk), and
contains Artk as a full subcategory.

Let S be a finite set of finite places of F and Γ be one of the groups ΓF,S and ΓFv
. Suppose ρ̄ : Γ →

GL2(k) is a continuous representation and fix a continuous character χ : Γ→ O× such that χ ≡ det ρ̄ modϖ.

For A ∈ Artk, let redA denote the reduction map GL2(A) → GL2(k), and χA the composition Γ
χ→

O× → A×. A framed deformation of ρ̄ to A with determinant χ is a continuous homomorphism ρA : Γ→
GL2(A) such that det ρA = χA and ρ̄ = redA ◦ρA. Two framed deformations ρA, ρ′A are strictly equiva-
lent if there exists γ ∈ ker(redA) such that γρAγ−1 = ρ′A. An equivalence class of framed deformations
to A under the relation of strict eruivalence is called a deformation of ρ̄ to A. We have functors

Dχ
ρ̄ , D

χ
ρ̄v
, Dχ,□

ρ̄v
: Artk → Set,

where for example Dχ
ρ̄ (A) is the set of deformations of ρ̄ to A of determinant χ, and the superscript □

means ‘framed’. These functors extend in a canonical way to CNLk.
Deformations of a continuous characteristic 0 representation ρ : Γ → GL2(E) are defined in the same

way. Let ArtE and CNLE be the category of Artinian, resp. complete Noetherian, local E-algebras with
residue field E. As before, we define functors

Dχ
ρ , D

χ
ρv
, Dχ,□

ρv
: CNLE → Set .

Using Schlessinger’s criterion, one proves that the framed deformation functors are representable; the
same holds for the unframed counterparts if the representation in question is Schur, i.e. has only scalar
endomorphisms. Later on, χwill always equal the cyclotomic character ε, hence we denote the representing
objects (if they exist) of the deformation functors defined above simply byRρ̄, Rρ̄v

, R□
ρ̄v

andRρ, Rρv
, R□

ρv
.

Definition 3.0.1. A deformation problem is a tuple S = (ρ̄, χ, S, {Dv}v∈S) where

• ρ̄ : ΓF,S → GL2(k) is an absolutely irreducible representation,
• χ : ΓF,S → O× is a continuous character such that χ ≡ det ρmodϖ,
• S is a finite set of finite places of F such that ρ̄ and χ are unramified outside S,
• For every v ∈ S, Dv is a representable closed subfunctor Dv ⊆ Dχ,□

ρ̄v
such that Dv(A) is stable

under conjugation by elements of ker redA.

Definition 3.0.2. A deformation [ρA] ∈ Dχ
ρ̄ (A) is of type S if ρA is unramified outside S, satisfies

det ρA = χ and for every v ∈ S, ρA|ΓFv
∈ Dv(A). We define a functor

DS : CNLk → Set,

by letting DS(A) ⊆ Dχ
ρ̄ (A) be the set of deformations of type S.

Theorem 3.0.3. DS is represented by an object RS in CNLk.

We will also need the notion of pseudorepresentations of ΓFv
and their deformations. If A ∈ CNLk

with 2 ∈ A×, then an A-valued pseudorepresentation of ΓFv
is a continuous function ψ : ΓFv

→ A such
that: ψ(id) = 2; for every g1, g2 ∈ G, ψ(g1g2) = ψ(g2g1); for every g1, g2, g3 ∈ G,

ψ(g1g3g2) = ψ(g1g2)ψ(g3) + ψ(g1g3)ψ(g2) + ψ(g2g3)ψ(g1)

− ψ(g1g2g3)− ψ(g1)ψ(g2)ψ(g3).
The determinant of a pseudorepresentation ψv : ΓFv

→ A is the function ψv : ΓFv
→ A defined by

detψv(g) =
1

2

(
ψv(g)

2 − ψv(g
2)
)
.

We will consider A-valued pseudorepresentations where A ∈ CNLk or CNLE . Given a representation
ρ̄v : ΓFv

→ GL2(k), its trace tr ρ̄v : ΓFv
→ k is a pseudorepresentation of determinant det ρ̄v , and for any

χv : ΓFv → O× such that χv ≡ det ρ̄v modϖ, we define a functor
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Dχv

tr ρ̄v
: Artk → Set

mapping A ∈ Artk to the set of A-valued pseudorepresentations with determinant χv lifting tr ρ̄v .

Theorem 3.0.4. The functorsDχ,□
ρ̄v

andDχv

tr ρ̄v
are representable byR□

ρ̄v
andRtr ρ̄v

∈ CNLk, respectively.

There are natural transformations Dχv,□
ρ̄v

→ Dχv
ρ̄v

tr→ Dχv

tr ρ̄v
, and thus R□

ρ̄v
is a Rtr ρ̄v

-algebra. Hence,
if Rρ̄v

exists then we have homomorphisms Rtr ρ̄v
→ Rρ̄v

→ R□
ρ̄v
, and R□

ρ̄v
is formally smooth of relative

dimension 3 over Rρ̄v
. For a deformation problem S = (ρ̄, S, χ, {Dv}v∈S) with local conditions Dv

represented by R□
ρ̄v

↠ Rρ̄v
, we define

RS,loc
S =

⊗̂
v∈S

Rρ̄v

This ring can also be interpreted as the representing object of a deformation functor, as the following lemma
shows.

Lemma 3.0.5. Let T be a finite set, and suppose we have representable functorsDv : CNLk → Set for ev-
ery v ∈ T . Denote byRv the representing object ofDv , and consider the functorDT =

∏
v∈T Dv : CNLk →

Set. Then we have the following:

(i) DT is represented by RT =
⊗̂

v∈TRv .
(ii) If pT ⊂ RT [1/ϖ] is a closed point generated by the joint image of closed points pv ⊂ Rv[1/ϖ],

we have an isomorphism (in CNLE)

(RT )
∧
pT
∼=
⊗̂

v∈T
(Rv)

∧
pv
.

Proof. (i) Let mv be the maximal ideal of Rv , and A = lim←−i
Ai ∈ CNLk ⊂ Pro(Artk). We have

(
∏
v∈T

Dv)(A) ∼=
∏
v∈T

lim←−
i

HomO(Rv, Ai) =
∏
v∈T

lim←−
i

lim−→
r

HomO(Rv/m
r
v, Ai),

and since filtered colimits commute with finite limits, the above is isomorphic to

lim←−
i

lim−→
r

HomO(
⊗
v∈T

Rv/m
r
v, A) = HomO(

⊗̂
v∈T

Rv, A).

(ii) Following [Kis09, §2.3], the ring (RT )
∧
pT

represents a functor

(DT )(pT ) : CNLE → Set,

whose value at B ∈ CNLE is defined as a filtered colimit (DT )(pT )(B) = colimADT (A) over a category
of integral O-subalgebras of B. Since filtered colimits commute with finite limits, one sees that D(pT )

∼=∏
v|pD(pv). Using a similar argument as in (i), one proves (ii). □

The properties of local deformation rings at v ∈ S \ Sp we will need are contained in the following two
results.

Theorem 3.0.6. [Sho18, Thm. 2.5] Let v ∈ S \Sp. The local framed (fixed-determinant) deformation ring
R□

ρ̄v
is an equidimensional reduced complete intersection, flat of relative dimension 3 over O.

Theorem 3.0.7. [All16, Prop. 1.2.2] Let v ∈ S \ Sp and pv ⊂ R□
ρ̄v
[1/ϖ] be the point corresponding to a

representation ρv : ΓFv
→ GL2(E). Then the Weil–Deligne representation WD(ρv) is generic if and only

if pv is a regular point of SpecR□
ρ̄v

.

At the places above p, our local conditions will encode conditions from p-adic Hodge theory.

Definition 3.0.8. Let (λv, τv, χv) be a v-adic Hodge type (Definition 2.2.5). A representation

ρv : ΓFv
→ GL2(E)

is of type (λv, τv, χv) if it is potentially semi-stable with Hodge–Tate weights equal to λv , has determinant
equal to χ, and WD(ρv)|IFv

∼= τv , where WD(ρv) is the Weil–Deligne representation associated to ρv .
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The deformations of fixed v-adic Hodge type form a Zariski closed subset of the generic fibre of the
local deformation ring, as the following theorem shows.

Theorem 3.0.9. Let v ∈ Sp and ρ̄v : ΓFv → GL2(k). Fix a v-adic Hodge type (λv, τv, χv) with det ρ̄v ≡
χ and let σ = σ(λv, τv). Then we have the following:

(i) [Kis08, Thm. 2.7.6] There exists a conjugation-invariant, reduced,O-flat quotientR□
ρ̄v

↠ R□
ρ̄v
(σv)

such that for any closed point pv ⊂ R□
ρ̄v
[1/ϖ], the corresponding representation is of type

(λv, τv, χv) if and only if pv ∈ SpecR□
ρ̄v
(σv)[1/ϖ].

(ii) [All16, Thm. D] Suppose ρ̄v is Schur and letRρ̄v
(σv) be the corresponding unframed deformation

ring. Then, if pv ⊂ Rρ̄v (σv)[1/ϖ] corresponds to a representation ρv such that WD(ρv) is
generic, pv is a regular point of SpecR□

ρ̄v
(σv)[1/ϖ] and the Zariski tangent space at pv is given

by the local Bloch–Kato Selmer group H1
f (ΓFv , ad

0 ρ).

The relation between the deformation ring of a characteristic 0 representation and that of its mod p
reduction is explained by the following two results.

Theorem 3.0.10. [Kis09, Lem. 2.3.3, Proposition 2.3.5] Let ρ̄v : ΓFv
→ GL2(k) and suppose pv ⊂ R□

ρ̄v

is a closed point corresponding to ρv : ΓFv → GL2(E). Then the localisation and completion (R□
ρ̄v
)∧pv

represents D□
ρv

. If ρ̄v is Schur, then (Rρ̄v
)∧pv

represents Dρv
.

Theorem 3.0.11. Let S = (ρ̄, χ, S, {Dχ,□
ρ̄v
}v∈S) be the global deformation problem of deformations un-

ramified outside of S, represented by RS . Suppose p ⊂ RS [1/ϖ] is a closed point corresponding to a
representation ρ : ΓF,S → GL2(E). Then the localisation and completion RS,ρ := (RS)

∧
p represents the

functor DS,ρ : CNLE → Set for which DS,ρ(A) is the set of deformations of ρ to A of determinant χ
which are unramified outside of S. Moreover, the tangent space of RS,ρ is given by

T0
E(RS,ρ) ∼= H1(ΓF,S , ad

0 ρ).

When dealing with irreducible representations, passage from pseudodeformation rings to deformation
rings is enabled by the following result.

Theorem 3.0.12. Let ρv : ΓFv
→ GL2(E) be an absolutely irreducible representation and pv ⊂ Rtr ρ̄v

[1/ϖ]
the closed point corresponding to tr ρv . Then (Rtr ρ̄v

)∧pv
∼= Rρv

.

Proof. The ring (Rtr ρ̄v
)∧pv

is isomorphic to Rtr ρv
by [Kis08, Lem. 2.3.3, Proposition 2.3.5]. The latter is

canonically isomorphic to Rρv
since ρv is absolutely irreducible – a consequence of the main theorem of

[Nys96]. □

4. REPRESENTATIONS AND COMPLETED HOMOLOGY

4.1. Iwasawa modules and categories of smooth representations. In this subsection, we recall some
general facts on categories of smooth representations and modules over Iwasawa algebras, following
[Eme10].

Definition 4.1.1. The Iwasawa algebra (with O-coefficients) of a compact p-adic analytic group K is the
profinite (possibly non-commutative) ring

O[[K]] = lim
Up

O[K/Up],

where Up runs over normal subgroups of K.

Definition 4.1.2. Let G be a p-adic analytic group, K ⊂ G a compact subgroup and ζ : Z(G) → O× a
continuous character. The category ModpfaG,ζ(O) of profinite augmented O[G]-modules is the category of
profinite topological O[[K]]-modules with a compatible action of G, central character ζ, and admitting a
neighbourhood basis of the identity given by O[[K]]-submodules. Morphisms are given by continuous G-
equivariantO[[K]]-module homomorphisms. The full subcategory of modules which are finitely generated
over O[[K]] is denoted ModfgaG,ζ(O).
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The category ModpfaG,ζ(O) abelian and independent of the choice of K. Pontryagin duality defines an
anti-equivalence of categories

ModsmG,ζ(O)→ ModpfaG,ζ(O)
V 7→ V ∨ := HomO(V,E/O)

where ModsmG,ζ(O) is the category of smooth G-representations over O with central character ζ. Here, a
G-representation V is smooth if V = ∪K,sV

K [ϖs]. If, moreover, every V K [ϖs] is finitely generated over
O, we say V is admissible and if, for every v ∈ V , the subrepresentation generated by v is admissible
we say V is locally admissible. The full subcategory of ModsmG,ζ(O) consisting of locally admissible
(resp. admissible) representations is denoted ModladmG,ζ (O) (resp. ModadmG,ζ (O)). These categories are
also abelian, and if we define CG,ζ(O) := (ModladmG,ζ )∨, we have fully faithful embeddings and anti-
equivalences

ModadmG,ζ (O) ModladmG,ζ (O) ModsmG,ζ(O)

ModfgaG,ζ(O) CG,ζ(O) ModpfaG,ζ(O).

∼ ∼ ∼

4.2. Representations of GL2(Qp). In this subsection, we cite some results about GL2(Qp)-representations
from [Paš13]. For now, we let G = GL2(Qp), B ⊂ G the upper-triangular matrices and K = GL2(Zp).
Fix a continuous character ζ : Z(G)→ O×. Later on, we will only consider the case when ζ is trivial.

The category of locally admissible representations is equivalent to a direct product of subcategories,

ModladmG,ζ (O) ≃
∏
B

ModladmG,ζ (O)B

([Paš13, Prop. 5.34]). Here, ModladmG,ζ (O)B denotes the full subcategory consisting of representations with
the property that all irreducible subquotients are isomorphic to one of a finite number of representations
constituting the block B. Pontryagin duality preserves this decomposition, yielding a corresponding state-
ment for the dual category, i.e.

CG,ζ(O) ≃
∏
B

CB(O)

Since k is not algebraically closed, there may be irreducible representations which are not absolutely ir-
reducible. After a finite base change, such a representation decomposes into a direct sum of absolutely
irreducible representations. Therefore, we will restrict our attention to blocks B containing an absolutely
irreducible representation and tacitly assume k is large enough. Case (iii) below will not feature later on
when we let ζ be the trivial character.

Proposition 4.2.1. ([Paš13, Prop. 5.42]) Suppose p ≥ 5. The blocks B containing an absolutely irreducible
representation are as follows:

(i) B = {π}, where π is supersingular.
(ii) B = {IndGB(χ1 ⊗ χ2ε̄

−1), IndGB(χ2 ⊗ χ1ε̄
−1)} with χ1/χ2 ̸= 1, ε̄±1.

(iii) B = {IndGB(χ⊗ χε̄−1)}.

(iv) B = {η,Sp⊗η, (IndGB α) ⊗ η}, where α(
(
x y
0 z

)
) = xz−1|xz−1|modϖ and η : G → k× is a

smooth character.

For every π ∈ B, we let Pπ ↠ π∨ be a projective envelope and define

PB :=
⊕
π∈B

Pπ, EB := EndCB(O)(PB), ZB := Z(EB).

Then PB is a projective envelope of
⊕

π∈B π∨ and is moreover a projective generator in CB(O). The pos-
sibly non-commutative ring EB is compact with respect to a natural topology and there is an equivalence
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of abelian categories

CB(O)→ RModcpt(EB)

V 7→ HomCB(O)(PB, V ).

The inverse of the functor HomCB(O)(PB,−) is given by the completed tensor product, so that for any
V ∈ CB(O), there is a canonical isomorphism

V ∼= HomCB(O)(PB, V )⊗̂EB
PB.

We will now relate EB to a pseudodeformation ring. To every block B in Proposition 4.2.1 we attach a
semisimple 2-dimensional k-representation ρ̄B of ΓQp

with determinant det ρ̄B = ζε̄ as follows (using the
same numbering):

(i) ρ̄B = V(π) where V is Colmez’ Montreal functor (see [Paš13, 5.7]).
(ii) ρ̄B = χ1 ⊕ χ2 (viewing χ1, χ2 as characters via local class field theory).

(iii) ρ̄B = χ⊕ χ.
(iv) ρ̄B = η0 ⊕ η0ε̄.

Theorem 4.2.2. Let B be a block containing an irreducible representation. Then we have the following:

(a) EB is a finitely generated module over ZB.
(b) There is a canonical isomorphism of O-algebras ZB

∼= Rζε
tr ρ̄B

.

(c) Let B be one of the blocks (i), (ii) or (iv), and suppose pv ⊂ Rζε
tr ρ̄B

[1/ϖ] is a closed point cor-
responding to an irreducible ΓQp -representation ρv , so that (Rζε

tr ρ̄B
)∧pv
∼= Rρv (Theorem 3.0.12).

Then (EB)∧pv
∼=M|B|(Rρv ), a rank |B| matrix algebra with coefficients in Rρv .

Proof. (a,b) See [Paš13, Thm. 1.5, Corollary 8.11, Corollary 9.25, Lem. 10.90]. (c) In the ‘supersingular
block’ (i), the natural map ZB → EB is an isomorphism ([Paš13, Prop. 6.3]). The case (ii) is dealt with in
[Paš13, Cor. B.27], and we outline the proof here. We have P = P1 ⊕ P2 and a presentation

EB =
(
HomCG,ζ(O)(Pi, Pj)

)
1≤i,j≤2

∼=
(
ZB1 ZBb1
ZBb2 ZB1

)
where b1 ◦ b2 = b2 ◦ b1 = cZB for an element c ∈ ZB with the property that a point pv ⊂ Rζε

tr ρ̄B
[1/ϖ] de-

fines an irreducible representation if and only if c /∈ pv (that is, the reducibility ideal is principal, generated
by c). Consequently, if pv is such a point then

(EB)∧pv
∼= (EB[1/c])∧pv

∼=M2(ZB).

The block (iv) is dealt with similarly. In this case, we have a 3-by-3 presentation of EB, where the relevant
relations are generated by two elements c0, c1 ∈ ZB, see [Paš13, Lem. 10.91]. As before, the point pv
defines an irreducible representation if (c0, c1) ̸⊂ pv . Since c−1

i (c0, c1) = ZB[1/ci], the same argument
as in the previous case proves the claim. □

4.3. Representations of
∏

PGL2(Qp). Recall that we assume p to be totally split in F . From now on,
we let G :=

∏
v|pGv :=

∏
v|p G(Fv) and K :=

∏
v|pKv :=

∏
v|p G(OFv

). Our category of interest is
the Pontryagin dual of the category of locally admissible G-representations, equivalently

CG(O) ≃
(
Modladm∏

v|p GL2(Qp),1(O)
)∨
.

The block decomposition results of Section 4.2 rely only on general facts about locally finite categories and
still hold for CG(O). That is, there exists a set of blocks B, projective generators PB with endomorphism
rings EB := EndCG(O)(PB) with centres ZB := Z(EB) and equivalences of categories

CG(O) ≃
∏
B

CB(O) ≃
∏
B

RModcpt(EB).

Lemma 4.3.1. LetH ∈ CB(O) and supposeH is finitely generated as anO[[K]]-module. Then HomCG(O)(PB, H)
is a finitely generated EB-module.
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Proof. Recall from the discussion at the end of Section 4.1 that H being finitely generated over O[[K]] is
equivalent to H∨ being admissible. Since EB = EndCG(O)(PB), it suffices to show that for some r, there
is a surjection P⊕r

B ↠ H. Indeed, applying HomCG(O)(PB,−) then proves the lemma. We claim that the
cosocle cosocH is a finite direct sum ⊕iπ

∨
i of irreducible objects. Indeed, every πi ↪→ ⊕iπi = socH∨

has non-zero K0-invariants for any pro-p group K0. Since the dual H∨ is admissible, we see that socH∨

is a finite direct sum of irreducibles. The same then holds for cosocH∨ = (socH∨)∨. Now, choose a
surjection P⊕r

B ↠ cosocH for some r. By the projectivity of PB, this map factors as

P⊕r
B → H → cosocH,

and the admissibility of H∨ implies that the second arrow is a superfluous surjection, by [CEG+18,
Lem. 4.6]. Thus the first map is also surjective, which completes the proof. □

Pan [Pan22] has extended the results of the previous section to our setting. We define

Rps
p :=

⊗̂
v|p
Rtr ρ̄v .

Proposition 4.3.2. Let (Bv)v|p be blocks of CGv
(O), each containing an absolutely irreducible represen-

tation, and define

B :=
⊗
v|p

Bv := {
⊗
v|p

πv : πv ∈ Bv}.

Then B is a block of CG(O), and moreover:

(i) PB :=
⊗̂

v|pPBv is a projective envelope of
⊗̂

v|pπ
∨
v .

(ii) EB = EndCG(O)(PB) ∼=
⊗̂

v|pEBv

(iii) EB is a finitely generated module over Rps
p .

(iv) Let pv ⊂ Rtr ρ̄v
[1/ϖ] be a point corresponding to the trace tr ρv of a irreducible representation

ρv , and let p be the ideal of Rps
p =

⊗̂
v|pRtr ρ̄v

generated by the joint image of the pv’s. Then

(EB)∧p
∼=M|B|((R

ps
p )∧p ).

Proof. For (i-iii), see [Pan22, §3.4]. For (iv), the direct sum decomposition PBv =
⊕|Bv|

iv=1 PBv,iv yields a
matrix presentation similar to the one in the proof of Theorem 4.2.2, namely

EB = EndCG(O)

(̂⊗
v|p

|Bv|⊕
iv=1

PBv,iv

) ∼= (⊗̂
v|p

HomCGv (O)(PBv,iv , PBv,jv )
)
(iv),(jv)

,

where (iv) and (jv) run over sequences of length |Bv| such that 1 ≤ iv, jv ≤ |Bv|. This defines a matrix
presentation of EB over Rps

p as in the proof of Theorem 6.4(iv), and there exists an element c ∈ Rps
p such

that EB[1/c] is a matrix algebra; indeed, we may take c equal to the product of cv ∈ Rtr ρ̄v chosen such
that EBv [1/cv] is a matrix algebra. □

4.4. Functors of twisted coinvariants. Let σ◦ = σ◦(λ, τ) = ⊗v|pσ
◦
v(λv, τv) be anO[[K]]-module of the

form introduced in Section 2.2. Then, for any M ∈ RModcpt(O[[K]]), we have a canonical isomorphism

N⊗̂O[[K]]σ
◦ ∼= N ⊗O[[K]] σ

◦,

and − ⊗O[[K]] σ
◦ defines a right exact functor RModcpt(O[[K]]) → Modcpt(O) ([Bru66, Lem. 2.1]). If

N =
⊗̂

v|pNv where Nv is an O[[Kv]]-module for v | p, we have an isomorphism

N ⊗O[[K]] σ
◦ ∼=

⊗̂
v|p

(Nv ⊗O[[Kv]] σ
◦
v),

We write N(σ◦) := N ⊗O[[K]] σ
◦ and N(σ) := N ⊗O[[K]] σ ∼= N(σ◦)[1/ϖ].
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Proposition 4.4.1. [GN22, Rem. 5.1.7] Suppose P ∈ RModcpt(O[[K]]) is projective and let σ◦ =
σ◦(λ, τ). There is a natural isomorphism

P (σ◦) ∼= Homcts
O[[K]](P, (σ

◦)d)d

where (−)d = HomO(−,O) with the topology of pointwise convergence.

Let B = ⊗v|pBv be a block ofG of the form considered in Proposition 4.3.2. We now turn our attention
to the module of twisted coinvariants PB(σ) = PB ⊗O[[K]] σ of the projective generator PB of CB(O),
or rather its localisation and completion at a characteristic 0 point. Since (EB)∧p is isomorphic to a matrix
algebra overRp,ρ when p is the ideal corresponding to a tuple (ρv) of irreducible representations, it follows
that PB(σ)∧p is a direct sum of |B| pairwise isomorphic Rp,ρ-modules. For this reason, it will suffice to
consider a single summand of PB. For v | p, we let

πv = IndGP (χv,1 ⊗ χv,2ε
−1) ∈ Bv,

where χv,1/χv,2 ̸= 1, ε (allowing χv,1ε = χv,2), and let P :=
⊗̂

v|pPπv
↠
⊗̂

v|pπ
∨
v be the projective

envelope as in Proposition 4.3.2(a).

Proposition 4.4.2. P ∈ RModcpt(O[[K]]) is projective.

Proof. We mimic the proof of [GN22, Lem. B.8], proceeding by induction on |Sp|. We have P = ⊗̂v|pPv ,
where Pv ∈ RModcpt(O[[Kv]]). The case |Sp| = 1 is [Paš15, Cor. 5.3]. For the induction step, let w ∈ Sp

and define
Kw =

∏
v∈Sp\{w}

Kv and Pw = ⊗̂v∈Sp\{w}Pv,

so that K = Kw ×Kw and P = Pw⊗̂Pw. By the induction hypothesis, Pw and Pw are projective over
O[[Kw]] and O[[Kw]], respectively. The universal property of the completed tensor product implies that
for any compact O[[K]]-module N ,

Homcts
O[[Kw×Kw]](Pw⊗̂O[[K]]P

w, N) ∼= Homcts
O[[Kw]](Pw,Homcts

O[[Kw]](P
w, N)).

Hence, the projectivity of P follows from that of Pw and Pw. □

Theorem 4.4.3. Let (λv, τv, χv)v∈Sp
be v-adic Hodge types and define Rp(σ) =

⊗̂
v|pRρ̄v (σv). Then the

action of Rps
p on P (σ◦) factors through Rp(σ) and P (σ) is locally free of rank 1 over the regular locus of

SpecRp(σ)[1/ϖ].

Proof. We have an isomorphism P (σ◦) ∼=
⊗̂

v|pPv(σ
◦
v), and the modules Pv(σ

◦
v) are O-flat by [Paš15,

Lem. 2.10] and maximal Cohen–Macaulay over Rρ̄v (σv) by [Paš15, Cors. 6.4, 6.5] and Proposition 4.4.1.
For every v | p, we fix a maximal regular sequence on Pv(σ

◦
v) of length dimRρ̄v (σv) containing ϖ by

extending the sequence {ϖ} to a maximal regular sequence. For a flat compact O-module M , the functor
−⊗̂OM is exact and thus the union of the regular sequences is a regular sequence of length

1 +
∑
v|p

(dimRρ̄v
(σv)− 1) = dimRp(σ).

Hence, dpRp(σ) P (σ
◦) = dimRp(σ), so P (σ◦) is maximal Cohen–Macaulay over Rp(σ). Therefore, if

p ⊂ Rp(σ)[1/ϖ] is a regular closed point, P (σ◦)p is free by Lemma 2.5.7. Finally, to compute the rank,
let k(p) = ⊗v|pk(pv) ∼= E be the residue field at p. By [Paš15, Props. 2.22, 4.14], each Pv(σ

◦
v)pv is of

rank 1 over Rρ̄v
(σv)pv

, and hence rkRp(σ)p

(
P (σ◦)p

)
= dimk(p)

(
k(p)⊗Rp(σ)p P (σ

◦)p
)
= 1. □

Corollary 4.4.4. Let p ⊂ Rps
p [1/ϖ] be a closed point corresponding to a tuple of absolutely irreducible

representations, so that (EB)∧p
∼= M|B|(Rp,ρ) by Proposition 4.3.2. Then PB(σ)∧p is isomorphic to

Rp,ρ(σ)
⊕|B| as an (EB)∧p -module.

Proof. This follows from Theorem 4.4.3 and the discussion at the beginning of this section. Indeed,

(PB(σ))∧p
∼=
(
P (σ◦)∧p

)⊕|B| ∼= Rp,ρ(σ)
⊕|B|,

where the right-most module has the usual right action of M|B|(Rp,ρ). □
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4.5. Completed homology and the big Hecke algebra. In this section, we recall the construction of
Emerton’s p-adically completed homology of the group G and the big Hecke algebra, and relate these to
the finite-level homology groups of Section 2.2. For a survey, see [CE12].

Definition 4.5.1. Let Up ⊂ G(A∞,p
F ) be an open compact subgroup. The completed homology with tame

level Up is the projective limit

H̃∗(XUp ,O) := lim←−
Up

H∗(XUpUp ,O)

where Up runs over a countable basis of neighbourhoods of the identity, normal in K1 for any choice of
K1 ⊂ K such that K1U

p is good.

Since H∗(XUpUp ,O) is an O[K/Up]-module, H̃∗(XUp ,O) is an O[[K]]-module.

Proposition 4.5.2. Suppose K0 ⊂ K is a subgroup such that K0U
p is good. Then there is a canonical

isomorphism
H̃∗(XUp ,O) ∼= H∗(XK0Up ,O[[K0]]).

Moreover, for any compact open K1 ⊂ K, H̃∗(XUp ,O) is a finitely generated O[[K1]]-module.

Proof. Let K0 be as in the statement and consider the natural Hecke-equivariant map

Cad
• (K0,O[[K]])→ lim←−

Up

Cad
• (K,O[K/Up]).

Using our fixed choice of chain homotopy equivalence between the adèlic complex and the Borel–Serre
complex, the map above corresponds to a map

CBS
• (K,O[[K]])→ lim←−

Up

CBS
• (K,O[K/Up])

which is a quasi-isomorphism since CBS
• (K) consists of free and finitely generated Z[K]-modules. Now,

CBS
• (K,O[K/Up]) ∼= CBS

• (Up,O)
and inverse limits are exact on compact modules, so that

H∗
(
lim←−
Up

CBS
• (Up,O)

) ∼= lim←−
Up

H∗(C
BS
• (Up,O)) ∼= H̃∗(XUp ,O),

as required. Since XK0Up is homotopic to a finite simplicial complex Proposition 2.1.3, the isomorphism
above implies that H̃∗(XUp ,O) is finitely generated over O[[K0]]. Lastly, we note that if K1 ⊂ K0 is
normal, then O[[K0]] is finitely generated over O[[K1]]. □

As explained in [GN22, Rem. 3.4.13], for any element g ∈ G and open compact subgroup Up ⊆ K,
right multiplication by g defines a map

H∗(XUpUp ,O)→ H∗(X(gUpg−1)Up ,O)

which induces an endomorphism of the projective limit H̃∗(XUp ,O), extending the O[K]-action.

Proposition 4.5.3. [CE12, Thm. 1.1(1)] With G-action defined as above, H̃∗(XUp ,O) ∈ ModfgaG (O). In
particular, H̃∗(XUp ,O) ∈ CG(O).

We now recall the definition of the Hecke algebra which acts on completed homology. For any open
normal subgroup U ′

p ⊂ Up, we have a morphism

TS → EndD((O/ϖs)[Up/U ′
p])

(Cad
• (U ′

pU
p,O/ϖs)),

where TS is the abstract Hecke algebra of Section 2.3 and D(−) denotes the unbounded derived category.
We define TS(U ′

pU
p,O/ϖs) as the image of this homomorphism. Varying s andU ′

p, we obtain a projective
system, and the big Hecke algebra of tame level Up is defined as the projective limit

TS(Up) := lim←−
s,U ′

p

TS(U ′
pU

p,O/ϖs).
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Then TS(Up) acts G-equivariantly on completed homology; in other words, there exists a map

TS(Up)→ EndCG(O)

(
H̃∗(XUp ,O)

)
.

Proposition 4.5.4. Let σ = σ(λ, τ). There is a Hecke-equivariant homological spectral sequence

E2
i,j = Tor

O[[K]]
j

(
H̃i(XUp ,O), σ

)
=⇒ Hi+j(XKUp , σ)

and an isomorphism
H∗(XKUp , σ) ∼= H∗(XKτUp , σ(λ))[σ(τ)∗],

where Kτ = ker(σ(τ)) ⊂ K and [σ(τ)∗] denotes the σ(τ)∗-isotypic vectors.

Proof. The quotient K/Kτ is a finite group. By Proposition 4.5.2 and our choice of chain homotopy
equivalence between the adèlic complex and the Borel–Serre complex, we have isomorphisms

H̃∗(XUp ,O) ∼= H∗
(
Cad

• (K,Z[K])⊗Z[K] O[[K]]
)

∼= H∗
(
CBS

• (K,Z[K])⊗Z[K] O[[K]]
)
.

Let C̃• = CBS
• (K,Z[K]) ⊗Z[K] O[[K]]. This is a complex of finitely generated projective O[[K]]-

modules, so there is a hyperhomology spectral sequence (see [Wei94, Thm. 5.7.6])

E2
i,j = Tor

O[[K]]
j

(
H̃i(XUp ,O), σ

)
=⇒ Hi+j

(
C̃• ⊗O[[K]] σ(λ)⊗E σ(τ)

)
.

Note that
C̃• ⊗O[[K]] σ(λ)⊗E σ(τ) ∼=

(
C̃• ⊗O[[Kτ ]] σ(λ)⊗E σ(τ)

)
K/Kτ

where (−)K/Kτ
denotes taking coinvariants with respect to the action defined by

k(u⊗ u′) = uk ⊗ k−1u′,

where u ∈ C̃n and u′ ∈ σ(λ) ⊗E σ(τ). In characteristic 0, taking coinvariants is an exact functor, and
since Kτ acts trivially on σ(τ) we have

Hi+j

(
C̃• ⊗O[[K]] σ(λ)⊗E σ(τ)

) ∼= Hi+j

(
C̃• ⊗O[[Kτ ]] σ(λ)⊗E σ(τ)

)
K/Kτ

,

which by Schur’s lemma is precisely Hi+j(XKτUp , σ(λ))[σ(τ)∗]. This completes the proof. □

One expects the spectral sequence above to degenerate at the E2-page after localisation at a non-
Eisenstein ideal m ⊂ TS(Up), meaning that the representation ρ̄m introduced in the following section
is absolutely irreducible.

Conjecture 4.5.5. Let m ⊂ TS(Up) be a non-Eisenstein maximal ideal. Then

H̃∗(XUp ,O)m = H̃q0(XUp ,O)m.

Remark 4.5.6. As is shown in [GN22, Prop. 4.2.1(1)], this vanishing follows from conjectures of Calegari–
Emerton [CE12, Conj. 1.5] and Calegari–Geraghty [CG18, Conj. B(4)(a)]. These conjectures are open in
general, but known to hold when l0 = 1, i.e. when F is an imaginary quadratic field.

Thus, if m is non-Eisenstein, Conjecture 4.5.5 and Proposition 4.5.4 imply an isomorphism

Tor
O[[K]]
i

(
H̃q0(XUp ,O)m, σ(λ, τ)

) ∼= Hq0+i

(
XKUp , σ(λ, τ)

)
.

4.6. Galois representations. Suppose that Π is a regular algebraic cuspidal automorphic representation of
G(A∞

F ) and let S contain the set of ramified places of Π and the places above p. To the weight λ of Π and
its inertial types LL(Πv)|IFv

at v | p we associate a representation σ := σ(λ, τ) as in Section 2.2, so that
Hi(XKUp , σ)Π vanishes when i /∈ [q0, q0 + l0]. The Hecke-equivariance of the hyperhomology spectral
sequence Proposition 4.5.4 implies that the action of the abstract Hecke algebra TS on the homology
H∗(XKUp , σ) factors through the big Hecke algebra TS(Up), and if we let

p = pΠ,ι = ker
(
TS(Up)→ End(H∗(XKUp , σ)Π)

)
then

H∗(XUpUp , σ)Π ∼= H∗(XUpUp , σ)p.
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Using the main result of [Sch15] and [CGH+20, Thm. 6.1.4], we associate to m = p + (ϖ) ⊂ TS(Up) a
representation

ρm : ΓF,S → GL2(TS(Up)m)

with determinant ε and reduction

ρ̄m : ΓF,S → GL2(TS(Up)/m) ∼= GL2(k).

Thus, if S = (ρ̄m, S, ε, {Dε,□
ρ̄v
}v∈S), then ρm and p define surjections

RS ↠ TS(Up)m ↠ TS(Up)p/p ∼= E,

corresponding to a representation ρ = ρΠ,ι : ΓF,S → GL2(E). For every v | p, the pseudorepresentation
tr ρ̄m|ΓFv

defines a block Bm,v of ModpfaGL2(Fv),1
(O), and we define a block of CG(O) by forming the

tensor product as in Proposition 4.3.2, i.e. B := ⊗v|pBm,v.

5. MAIN RESULTS

In this section, we prove our main results. We keep the notation from the preceding section, and make
the following assumptions.

(i) ρ̄m : ΓF,S → GL2(k) is absolutely irreducible and ρ̄m|ΓF (ζp)
has adequate image [Tho12, Def. 2.3].

(ii) For every v ∈ Sp, the restriction ρv is irreducible and of v-adic Hodge type (λv, τv, ε).
(iii) For every v ∈ S, the Weil–Deligne representation WD(ρv) is generic.
(iv) H̃∗(XUp ,O)m = H̃q0(XUp ,O)m (Conjecture 4.5.5).

5.1. Patching. The goal of this subsection is to prove the following theorem.

Theorem 5.1.1. With the same notation as in Section 4.6 and assuming Conjectures 4.5.5 and 5.1.4, let

M0 = HomCB(O)

(
PB, H̃q0(XUp ,O)m

)
∈ RModcpt(EB).

Then (M0)
∧
p is isomorphic as an (EB)∧p -module to (RS,ρ)

⊕|B|, where the action of (EB)∧p
∼=M|B|(Rp,ρ)

is given by matrix multiplication.

This result is a characteristic 0 analogue of [GN22, Conj. 5.1.2]. Note that our setting differs in that we
have no ‘minimal level’ assumption ensuring the smoothness of the local framed deformation ringsR□

ρ̄v
for

v ∈ S \ Sp. For our purposes, it is sufficient to assume that the associated Weil–Deligne representations of
ρv are generic at all places v ∈ S \ Sp, as it ensures the restrictions ρv define smooth points in the generic
fibres of R□

ρ̄v
(Theorem 3.0.7).

Our proof of Theorem 5.1.1 uses the Taylor–Wiles method as adapted to completed homology in
[GN22]. The strategy is to first prove an analogous result at ‘patched’ level (Theorem 5.1.8) and then
‘unpatch’ to deduce Theorem 5.1.1. Before we can state Theorem 5.1.8, we need to recall the construction
of patched completed homology. We mostly follow [GN22] but have made slight adjustments.

To begin, we note that the assumption that ρ̄(ΓF (ζp)) is adequate is equivalent to it being enormous
([GN22, Lem. 3.2.3]), and we let q be an integer large enough to guarantee the existence of Taylor–Wiles
primes as in [GN22, Lem. 3.3.1]. We let T be the power series ring over O in the S-frame variables, i.e.

T = O[[{Xv
i,j | v ∈ S, i, j = 1, 2}]]/(Xv0

1,1),

where v0 is an arbitrary element of S. Then T is of relative dimension 4|S| − 1 over O, and we define

O∞ := T ⊗̂OO[[(Z×
p )

q]] ∼= O[[X1, . . . , X4|S|−1+q]].

Let a := ker(O∞ → O) be the augmentation ideal of O∞, and set

S∞ := Rps
p ⊗̂OO∞.

LettingR∞ := RS,loc
S [[X1, . . . , X|S|−1+q−[F : Q]−l0 ]], the patching argument produces a morphismO∞ →

R∞ in CNLk. Since R∞ is a Rps
p -algebra, we obtain morphisms

Rps
p ⊗̂OO∞ = S∞ → R∞ ↠ RS ↠ TS(Up)m ↠ E,
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where S = (ρ̄m, S, ε, {Dε,□
ρ̄v
}v∈S). One expects the penultimate map to be an isomorphism, and we will

confirm this expectation after localisation and completion at the point corresponding to ρ. We define

p∞ := ker(R∞ → E), q∞ := ker(S∞ → R∞ → E),

so that q∞ = φ−1(p∞) and we have a homomorphism (S∞)∧q∞
→ (R∞)∧p∞

.

Lemma 5.1.2. The rings (S∞)∧q∞
and (R∞)∧p∞

are regular and

dim(R∞)∧p∞
= dim(S∞)∧q∞

− [F : Q]− l0.

Proof. The rings R∞ and S∞ are rings of formal power series with coefficients in RS,loc
S and Rps

p , respec-
tively; the regularity of the points p∞, q∞ follows from that of the corresponding points of RS,loc

S and Rps
p ,

which is guaranteed by Theorems 3.0.7, 3.0.9 and 3.0.12 together with genericity of WD(ρv) for v ∈ S
and irreducibility of ρv for v ∈ Sp. Using [BLGHT11, Lem. 3.3] and Theorem 3.0.6, we find:

dim(R∞)∧p∞
=
∑
v∈S

dim(R□
ρ̄v
)pv + |S| − 1 + q − [F : Q]− l0

= 3|S \ Sp|+ 3|Sp|+
∑
v|p

dimRρv
+ |S| − 1 + q − [F : Q]− l0

=
∑
v|p

dimRρv
+ 4|S| − 1 + q − [F : Q]− l0,

dim(S∞)∧q∞
=
∑
v|p

dimRρv
+ dimO∞ − 1 =

∑
v|p

dimRρv
+ 4|S| − 1 + q.

The result follows. □

So far, we have only mentioned the rings involved in the patching argument. Let us now recall the key
features for us of the ‘patched’ complex on which these rings act. Note that the ‘minimal level’ assumption
present in [GN22] is not required to prove the cited results.

Theorem 5.1.3. There exists a perfect complex C̃(∞) of O[[K]]-modules with G-action such that:

(i) The action of O∞ on C̃(∞) factors through the map O∞ → R∞.
(ii) H∗(C̃(∞)) ∈ CG(O).

(iii) There is a G-equivariant isomorphism of O∞[[K]]-modules

Hi(C̃(∞)⊗O∞ O∞/a) ∼= H̃i(XUp ,O)m.

(iv) If Conjecture 4.5.5 holds, then H∗(C̃(∞)) = Hq0(C̃(∞)).

Proof. The complex is constructed in [GN22, §3.4]. For (i), (iii) and (iv), see [GN22, Prop. 3.4.16(2),
Rem. 3.4.17, Prop. 3.4.19, Prop. 4.2.1]. To prove (ii), first note that since C̃(∞) is a perfect complex of
O∞[[K]]-modules,

H∗(C̃(∞)) ∼= lim←−
n

H∗(C̃(∞)⊗O∞ O∞/a
n).

The category CG(O) has projective limits ([Paš13, p.14]) and hence it suffices to prove that each term in
the inverse limit lies in CG(O). We proceed by induction on n, noting that the case n = 1 follows from
(iii) and Proposition 4.5.3. For n ≥ 2, we have a short exact sequence of chain complexes

0→ C̃(∞)⊗O∞ an−1/an → C̃(∞)⊗O∞ O∞/a
n → C̃(∞)⊗O∞ O∞/a

n−1 → 0

inducing a long exact sequence of homology groups

· · · → Hi(C̃(∞)⊗O∞ an−1/an)→ Hi(C̃(∞)⊗O∞ O∞/a
n)→ H∗(C̃(∞)⊗O∞ O∞/a

n−1)→ . . . .

For the induction step, it is enough to prove that the left-hand term lies in CG(O), since CG(O) is
closed under kernels, cokernels and extensions in ModpfaG (O). Indeed, CG(O) is abelian and the inclu-
sion ModladmG (O) ↪→ ModsmG (O) preserves injectives (see [Paš13, Cor. 5.18]), so that for any V,W ∈
ModladmG (O),

Ext1Modladm
G (O)(V,W ) ∼= Ext1Modsm

G (O)(V,W ).
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Now, note that
C̃(∞)⊗O∞ an−1/a ∼= (C̃(∞)⊗O∞ O∞/a)

⊕r

for some r depending on n. The right-hand side has homology equal to a direct sum of copies of H̃q0(XUp ,O)m,
and the theorem now follows from the long exact sequence and induction on n. □

Neither H̃q0(XUp ,O)m nor Hq0(C̃(∞)) is finitely generated over TS(Up), so to carry out the depth
estimate part of the Taylor–Wiles method, we work instead with their images in RModcpt(EB); let

M0 := HomCG(O)

(
PB, H̃q0(XUp ,O)m

)
,

M∞ := HomCG(O)

(
PB, Hq0(C̃(∞))

)
.

This idea can only work under the following additional assumption,

Conjecture 5.1.4. The two actions of Rps
p on M∞ – one coming from the map Rps

p → EB and the other
from the map Rps

p → TS(Up)m – coincide.

Remark 5.1.5. In [Pan22, §3.5], a similar statement is proved in a different setting using a local-global
compatibility result. While we have not checked the details, it seems a reasonable guess that the conjecture
can be verified in our setting using Hevesi’s local-global compatibility result [Hev23] and the argument in
[GN22, Prop. 5.3.1], under some simplifying assumptions on ρ̄m|ΓFv

for v ∈ Sp [GN22, p.30].

From now on, we assume Conjecture 5.1.4. Note that, as an Rps
p -module,

M0
∼=
⊕
π∈B

HomCG(O)

(
Pπ, H̃q0(XUp ,O)m

)
and similarly for M∞. By Theorem 5.1.3(i) and Conjecture 5.1.4, M∞ is an S∞-module such that the
action of S∞ factors through S∞ → R∞.

Proposition 5.1.6. With M0,M∞ as above, we have:

(i) M∞ ⊗L
O∞
O∞/a ∼=M0.

(ii) M0 is a finitely generated Rps
p -module.

(iii) M∞ is finitely generated as an S∞-module and as an R∞-module.

Proof. (i) follows from Theorem 5.1.3. Note that since H̃q0(XUp ,O)m is finitely generated over O[[K]],
M0 is finitely generated over EB by Lemma 4.3.1. Now, EB is finitely generated over Rps

p (Proposi-
tion 4.3.2) and (ii) follows. Since the S∞-action factors through S∞ → R∞, the first statement implies
the second. From (i) we know that M∞ ⊗O∞ O ∼= M0, and therefore by Nakayama’s lemma for compact
modules [Bru66, Cor. 1.5] it suffices to note that M∞ is compact module. Thus, we have proved (iii). □

We obtain a corresponding diagram to what we had before:

S∞ → R∞ → EndEB
(M∞).

Localising and completing the diagram we obtain

(S∞)∧q∞
→ (R∞)∧p∞

→ End(EB)∧p
((M∞)∧p∞

).

Lemma 5.1.7. The module (M∞)∧p∞
is finitely generated over (R∞)∧p∞

and (S∞)∧q∞
.

Proof. The first statement follows from the fact that M∞ is finitely generated over R∞, which is Proposi-
tion 5.1.6(ii). For the second, note that since p∞ is maximal in R∞[1/ϖ], we have

(M∞)∧p∞
∼= lim←−

r

M∞[1/ϖ]/pr∞.

Now, by definition q∞ = φ−1(p∞) and hence φ(qr∞) ⊆ pr∞, so that the finitely generated (S∞)∧q∞
-module

(M∞)∧q∞
surjects onto (M∞)∧p∞

. The statement follows. □

The following theorem is the patched counterpart of Theorem 5.1.1.

Theorem 5.1.8. (M∞)∧p∞
is a finitely generated and free (R∞)∧p∞

-module.
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Proof. Let σ :=
⊗

v|p σ(λv, τv) be the K-module for which Π contributes (in degrees [q0, q0 + l0]) to
H∗(XKUp , σ). Define

Rp,ρ(σ) =
(⊗̂

v|p
Rρ̄v

(σv)
)∧
p

where p is the ideal corresponding to ρ, and set

aσ,p = ker
(
(S∞)∧q∞

↠ Rp,ρ(σ)
)
.

By Theorem 3.0.9 and Lemma 5.1.2, the rings (S∞)∧q∞
and Rp,ρ(σ) are regular. Thus, by Lemma 5.1.2,

aσ,p is generated by a regular sequence of length

dim(S∞)∧q∞
− dimRp,ρ(σ) = dim(S∞)∧q∞

− [F : Q].

We are going to combine Theorem 2.3.1 and Lemma 2.5.5 to prove that (M∞)∧p∞
is maximal Cohen–

Macaulay over the regular local ring (R∞)∧p∞
.

Lemma 5.1.9. We have a canonical isomorphism(
(M0)

∧
p ⊗L

(EB)∧p
PB(σ)∧p )

)⊕|B|2 ∼= (M0)
∧
p ⊗L

Rp,ρ
PB(σ)∧p .

Proof. Since PB =
⊕

π∈B Pπ , we have an isomorphism of Rps
p -modules

M0
∼=
⊕
π∈B

HomCG(O)(Pπ, H̃q0(XUp ,O)m).

By Proposition 4.3.2, (EB)∧p
∼= M|B|(Rp,ρ) and consequently (M0)

∧
p is a direct sum of |B| pairwise

isomorphic Rp,ρ-modules. The same is true for PB(σ)∧p , and hence

(M0)
∧
p⊗L

Rp,ρ
PB(σ)∧p ≃

⊕
π1∈B

⊕
π2∈B

HomCG(O)

(
Pπ1

, H̃q0(XUp ,O)m
)∧
p
⊗L

Rp,ρ
Pπ2

(σ)∧p ≃
⊕
π1∈B

⊕
π2∈B

(M0)
∧
p⊗L

(EB)∧p
PB(σ)∧p

Now, for any commutative ring R, matrix algebra E =Mn(R), and R-modules M,N , there is an equiva-
lence M ⊗L

RN ≃M⊕n⊗L
E N

⊕n, where M⊕n, N⊕n are acted on by left- and right matrix multiplication,
respectively. It follows that⊕

π1∈B

⊕
π2∈B

(M0)
∧
p ⊗L

(EB)∧p
PB(σ)∧p ≃

(
(M0)

∧
p ⊗L

(EB)∧p
PB(σ)∧p

)⊕|B|2
,

as claimed. □

We now return to the proof of Theorem 5.1.8. Proposition 5.1.6 implies the quasi-isomorphism

(M∞)∧p∞
⊗L

(S∞)∧q∞
(S∞)∧q∞

/aσ,p ≃ (M0)
∧
p ⊗L

Rp,ρ
Rp,ρ(σ),

which by Theorem 4.4.3 and Lemma 5.1.9 is equivalent to(
(M0 ⊗L

EB
PB ⊗L

O[[K]] σ
◦)∧p
)⊕|B|2 ∼=

(
(H̃q0(XUp ,O)m ⊗L

O[[K]] σ
◦)∧p
)⊕|B|2

.

By Proposition 4.5.4 and Theorem 2.3.1, this complex has homology concentrated in degrees [q0, q0 + l0],
and thus we have proved

Tor
(S∞)∧q∞
i

(
(M∞)∧p∞

, Rp,ρ(σ)
)
= 0 for i /∈ [0, l0].

Applying Lemma 2.5.5, we obtain

dp(S∞)∧q∞
(M∞)∧p∞

≥ dpaσ,p
(M∞)∧p∞

= dim(S∞)∧q∞
− [F : Q]− l0 = dim(R∞)∧p∞

.

Since the action of (S∞)∧q∞
on (M∞)∧p∞

factors through (R∞)∧p∞
, any regular sequence in (S∞)∧q∞

gives
rise to a regular sequence in (R∞)∧p∞

, and hence

dp(R∞)∧p∞
(M∞)∧p∞

≥ dp(S∞)∧q∞
(M∞)∧p∞

≥ dim(R∞)∧p∞
.

Thus, (M∞)∧p∞
is a maximal Cohen–Macaulay module over the regular local ring (R∞)∧p∞

, and is there-
fore free by Lemma 2.5.7. Thus, we have proved Theorem 5.1.8. □

Having proved Theorem 5.1.8, we now deduce Theorem 5.1.1.
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Corollary 5.1.10. The natural surjections

(R∞/a)
∧
p∞

↠ RS,ρ ↠ TS(Up)∧p

are isomorphisms. In particular, Theorem 5.1.1 holds.

Proof. By Theorem 5.1.8, (M∞)∧p∞
is free over (R∞)∧p∞

, and hence the unpatched module

(M0)
∧
p = (M∞)∧p∞

⊗O∞ O∞/a

is free over (R∞)∧p∞
/a. But the action of (R∞)∧p∞

/a on (M0)
∧
p factors through the maps displayed in the

statement of the theorem, which forces them to be injective. Thus both maps are bijections and (M0)
∧
p is

free over (R∞)∧p∞
/a ∼= RS,ρ. □

5.2. The main theorem. In this final section, we deduce our main result from Theorem 5.1.8, still keeping
the notation of Section 4.6.

Theorem 5.2.1. Let F be a CM field, suppose p ≥ 5 is totally split in F and let Π be a regular al-
gebraic cuspidal automorphic representation of G = PGL2 /F of weight λ ∈ (Z2)Hom(F,C), and fix
an isomorphism ι : Qp → C. Let τ = (τv)v|p = (LL(Πv)|IFv

)v|p be the inertial types of Π and sup-
pose KUp ⊂ G(A∞

F ) is a good subgroup. Let m = mΠ,ι ⊂ TS(Up) be the maximal ideal of the big
Hecke algebra associated to (Π, ι), ρm : ΓF,S → GL2(TS(Up)m) the representation associated to m, and
ρ = ρΠ,ι : ΓF,S → GL2(E) the characteristic 0 representation associated to (Π, ι).

Suppose the following statements hold.

(i) ρ̄m : ΓF,S → GL2(k) is absolutely irreducible and the restriction ρ̄m|ΓF (ζp)
has adequate image.

(ii) For every v ∈ Sp, ρv is irreducible and, for any ι ∈ Hom(F,C), of v-adic Hodge type (λι,v, τv, ε).
(iii) For every v ∈ S, the Weil–Deligne representation WD(ρv) is generic.
(iv) H̃∗(XUp ,O)m vanishes outside degree q0 (Conjecture 4.5.5).
(v) Local-global compatibility in the sense of Conjecture 5.1.4 holds.

(vi) The adjoint Bloch–Kato Selmer group vanishes, i.e. H1
g (ΓF,S , ad

0 ρ) = 0.

We let S = (ρ̄m, S, ε, {Dε,□
ρ̄v
}v∈S) and RS,ρ = (RS)

∧
p , furthermore Rp,ρ =

⊗̂
v|pRρv

and Rp,ρ(σ) =⊗̂
v|pRρv (σv). Then there is a natural free action

TorRp,ρ
∗

(
RS,ρ, Rp,ρ(σ)

)
⟳ H∗(XKU , σ)Π.

If, in addition,

(vii) H2(ΓF,S , ad
0 ρ) = 0, i.e. RS,ρ is formally smooth,

then there is a canonical isomorphism of graded-commutative rings

TorRp,ρ
∗

(
RS,ρ, Rp,ρ(σ)

) ∼= ∗∧
H1

f

(
ΓF,S , ad

0 ρ(1)
)
.

Remark 5.2.2. Assumption (i) is necessary in the patching argument of [GN22]. Assumption (ii) is ex-
pected to hold in general and can be verified in many cases, see [Hev23]. We expect assumption (iii) to be
necessary, and assumptions (iv) and (v) were discussed where they appeared above. The assumption (vi)
is known to hold in many cases, see [A’C24]. Assumption (vii) is a special case of a conjecture of Jannsen
[Jan10], where it seems not much is known at present.

Proof. By assumption (iv), the spectral sequence of Proposition 4.5.4 degenerates at the E2-page, whence

H∗(XKU , σ)Π ∼= H∗

((
H̃q0(XUp ,O)m ⊗L

O[[K]] σ
)
⊗L

Rps
p
(Rps

p )∧p

)
.

Now, H̃q0(XUp ,O)m ∼=M0 ⊗L
EB

PB where M0 = HomCG(O)(PB, H̃q0(XUp ,O)m), and hence(
H̃q0(XUp ,O)m ⊗L

O[[K]] σ
)
⊗L

Rps
p
(Rps

p )∧p ≃
(
M0 ⊗L

EB
PB ⊗L

O[[K]] σ
)
⊗L

Rps
p
(Rps

p )∧p

≃ (M0)
∧
p ⊗L

(EB)∧p
PB(σ)∧p .
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By Corollary 4.4.4, Theorem 5.1.1, and Lemma 5.1.9, we have an equivalence

(M0)
∧
p ⊗L

(EB)∧p
PB(σ)∧p ≃ RS,ρ ⊗L

Rp,ρ
Rp,ρ(σ),

and the first part of the theorem now follows, i.e.

Hq0+i(XKUp , σ)p ∼= Tor
Rp,ρ

i

(
RS,ρ, Rp,ρ(σ)

)
,

This proves the first part of the theorem. Under the additional assumption that H2(ΓF,S , ad
0 ρ) = 0, all

three of Rp,ρ, RS,ρ and Rp,ρ(σ) are formally smooth E-algebras, and

TorRp,ρ
∗

(
RS,ρ, Rp,ρ(σ)

) ∼= ∗∧
Tor

Rp,ρ

1

(
RS,ρ, Rp,ρ(σ)

)
.

Moreover, the exact sequence of Theorem 2.4.3 simplifies to a short exact sequence

0→ H1
(
ΓF,S , ad

0 ρ
)
→
∏
v|p

H1
(
ΓFv

, ad0 ρ
)

H1
f

(
ΓFv

, ad0 ρ
) → H1

f

(
ΓF,S , ad

0 ρ(1)
)∨ → 0,

and the final term has dimension h1f (ΓF,S , ad
0 ρ(1)) = l0 by Proposition 2.4.2. Hence,

mRp,ρ
= ker(Rp,ρ → RS,ρ) + ker(Rp,ρ → Rp,ρ(σ)),

and taking duals, we obtain a natural identification between H1
f

(
ΓF,S , ad

0 ρ(1)
)

and the intersection

ker(Rp,ρ → RS,ρ)/m
2
Rp,ρ
∩ ker(Rp,ρ → Rp,ρ(σ))/m

2
Rp,ρ
⊂ mRp,ρ/m

2
Rp,ρ

.

which induces the sought isomorphism (using Lemma 2.5.4 to eliminate variables)

H1
f

(
ΓF,S , ad

0 ρ(1)
) ∼= Tor

Rp,ρ

1

(
RS,ρ, Rp,ρ(σ)

)
.

□

REFERENCES

[A’C24] Lambert A’Campo. Rigidity of automorphic Galois representations over CM fields. Int. Math. Res. Not. IMRN,
(6):4541–4623, 2024.

[ACC+23] Patrick B. Allen, Frank Calegari, Ana Caraiani, Toby Gee, David Helm, Bao V. Le Hung, James Newton, Peter Scholze,
Richard Taylor, and Jack A. Thorne. Potential automorphy over CM fields. Ann. of Math. (2), 197(3):897–1113, 2023.

[All16] Patrick B. Allen. Deformations of polarized automorphic Galois representations and adjoint Selmer groups. Duke Math.
J., 165(13):2407–2460, 2016.
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